-

f 7 “ &

f }'f i i = [ d 1 3 3 1 5 . 2

b A P %Efté«if/ (K: = (i wa —x % > a” arcsin g + C) =Va*-x*

' AU ] A dxAbsolute value signs appear in certain of the formulas. For example, for formula 5 we write
\J/

-;’“;Z‘l---"’J e In |x| + C instead of

Chapter 30

Fundamental Integration Formulas

IF F(x) IS A FUNCTION whose derivative F ’(x) = f(x) on a certain interval of the x axis, then F(x) is
called an antiderivative or indefinite integral of f(x). The indefinite integral of a given function is
not unique; for example, x% x*+5, and x* — 4 are all indefinite integrals of f(x) = 2x, since

d : o
% (x*) = ;-; (x2 +5)= i (x* — 4) = 2x. All indefinite integrals of f(x) = 2x are then included
in F(x) = x" + C, where C, called the constant of integration, is an arbitrary constant.
The symbol | f(x) dx is used to indicate the indefinite integral of f(x). Thus we write

2x dx = x> + C. In the expression | f(x) dx, the function f(x) is called the integrand.

FUNDAMENTAL INTEGRATION FORMULAS. A number of the formulas below follow immedi-
ately from the standard differentiation formulas of earlier chapters, while others may be
checked by differentiation. Formula 25, for example, may be checked by sh wingthaj/

R

e

d d
;{=Inx+Cf0rx>0 and f—f=ln(—x)+Cforx<0
(,L.,. S
and for formuia 10 we have f tan x dx = In |sec x| + C instead of RGO
nee s |
Itan xdx=Insecx+ C for all x such that sec x =1 Aoy

and f tan x dx =In(—secx}+ C for all x such that secx = —1

—

o [ =+ C

[ 3]

‘g‘; " J[f(X)+g(x)] dx=jf(x) dx*]g(x)dx

3
W

<y 3 jaf(x) dx = aj f(x) dx . a any constant

mtl
- 4 fx"‘arx=‘ +C, m#-1
m+1

x

a
Ina

I%:[n'x'{-c 5-6. Jaxdx= + C, d>0,a§£1

Y
—
wn

¢ 7. Je’dx=e"+C 8 jsinxdx=—cosx+C
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9 9 jCOSIfir=Sinx+C 31 10. ftanxdx=ln|secx|+C
il
s; 11 jcotxdx=ln|sinx|+C /\/*’7\ 12, fsecxdx=ln|secx+tanx|+c
‘ é, - F L
13 Icscxdx=ln|cscx—~cotxl+C A 14, IscczxdxztananC pe-t. | g% /
RO R 15 jcsczxdx=-—cotx+c )49 16, J-secxtanxdx=secx+C
o) e C;Z\/ I __._._...._.dx - 2 £ +
MO1T. Jcscxcolxdx cscx+ C &:, 18. Vo arcsin — C
dc 1 x 7 f dx 1 X
C } = — - P —_—_— - — 4+
(LY 19. S a arctan - + C o fpo) 20. Y i arcsec — + C
=N dx 1 x—a Sy dx 1 a+x )
9 ) —_——— ~ = + C
(’jl/m' 2-a 2a ' lx+a tC él)zz' a’— x* 5 P la—ml T
= £ s 0 _
, we g 23, J—---—=In x+VxXi+a)+C 924 f—ww—:lnx+\.'x ~a°|+ C
LT Ve ) ‘ Vi !
7N
nlﬁ)t 25. J’Vaz—xzcl.x:%x\iaznxzﬁ—%azarcsinEJrC
(-
L@ 26. J‘sz+azdx=§x\/x2+al+%azln(x+Vx2+a2)+C
N
95 . 27, foz—azdx=%xsz—az—%azln|x+ Vx*—d’|+ C
LI

THE METHOD OF SUBSTITUTION. To evaluate an antiderivative j f(x) dx, it is often useful to

replace x with a new variable u by means of a substitution x = g(u), dx = g'(u) du. The equation

| #6 ax = [ A g ) a (0.1)

is valid. After finding the right side of (30.1), we replace u with g~ '(x); that is, we obtain the
result in terms of x. To verify (30.1), observe that, if F(x)=J f(x) dx, then % F(x)=

2 Fx) 2 = fio)g ) = F(8)8' ). Hence, F(x) = [ f(gu))g'(u) du, which is (30.1).

EXAMPLE 1: To evaluate I(x + 3 gx, replace x + 3 with u; that is, let x = u — 3. Then dx = du, and
we obtain

f(x+3)“ dx=fu“ du=Hu?+C=H@x+N*+C

QUICK INTEGRATION BY INSPECTION. Two simple formulas enable us to find antiderivatives

almost immediately. The first is

[ gteeor de= = (gl + € ree (30.2)
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d +
This formula is justified by noting that E {r T [g(x)) '} g'(0)[gx)].

EXAMPLE 2: (a)f““) dx = fl d.x—-(lnx) @
(b)fxvx +3 dxu—j(zx)(x +3)‘2dx~—[3,2(x +3) ] =%(Vx:+3]"+C

The second quick integration formula is

g'(x)
—~drx=In|gx)|+ C 30.3
[ £ ax=inlgx) (30.3)
This formula is justified by noting that . (In|g(x)|) = &)
dx g(x)
EXAMPLE 3 (@) jcotxdx Jc"“ dx=1n|sinx| + C
sin x
=§J'x—3'i—5 x=§1n|x“—S]+C

Solved Problems oK Oe
[n Problems 1 to 8, evaluate the indefinite integral at the left.

L]
1. fx-‘dx=%+c
2- J._f—z:fozdx:{_—l*hC:#l“kC

a Z‘”j 3 4r3
3. \/EdZ=J' Ydz = = + C:ZZ +C

5 j(2x—5x+3)dx 2[xdx SI dx+3jdx 2iA§2£-+3 +C

6. I(l—x)v’_dx~[(x’2 Py dx = f”zdx jmdx I -iX"+ C

7. f(:u +4)* ds =J(932 +245+ 16)ds =9(1s*) +24(i5°) + 16s + C =35>+ 125 + 165 + C

+5x° -4 4x”"
J‘X—-—%-f-——-dx (x+5—4x Ydx= —x +5x7—x—+c——§x +5x+i+C
xt dx

Vi +2)

9. Evaluate (a) j(x +2Y(3x%) dx, (b) f(x +2)" 3% dx, (c) f M . and (d )j
by means of (30.2).
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(a) J-(x3 + 23 ) de=3(x*+2)'+ C

(b) f(xB +2)If2 de J'(x +2)H2(3x) = %%(x3+2)312+ C= %(IJ+2]JIZ+C

)(x3+2}‘2+C———-i

I -

© f(x—ss% dx = 2 f(x3 +2)7°(3x%) dx = g (_

(d)]ﬂ%_ dx——f(x +2)74(3x%) dx =

wlv—'

3 +2)

%(xfi +2)3!’4 2 C___ 46 (x3 +2)Jld+ C

209

All four integrals can also be evaluated by making the substitution u = x* + 2, du = 3x” dx.

10. Evaluate j 3xV1-2x" dx.

Formula (30.2) yields

[3xVTT22 ax =30 1) [ (-2 a0 de = - B - 260"+ €

—_ _%(1 ”212)31‘2 + C

We could also use the substitution u =1 — 2x7 du = —dx dx.

11.  Evaluate —(-J-cz-‘t—?’-)——% ;
(x° + 6x) ¢ ) {—
Formula (30.2) yields *@“”‘f‘
+ 3 dI -1/3 2.'\
(%?51_}“_" j( +6x) (2x+6)dx— (.r + 6x)

=2 (64 C
We could also use the substitution u = x* + 6x, du = (2x + 6) dx.

In Problems 12 to 15, evaluate the indefinite integral on the left.

f\’u —xzxd.t=—§J(l-—xz)”’(—z.rdx)=-%%(l — Yt rC=—301~-

J'sz - 2x* dx=f(1 -2x") v dx = -} f(l =2x") (—dxdx) - 13(1-227)"*+ C

=—4(1=-25*P"%+C

li2

X+ 2x _j[_ 1 ] _ 1 e W ,
15. j(x+l) dx | —~w(x+1)2 dx—x+;—-——+C—x +1+C'=

1+ x)? 14 2x +
f( x) die f X T X dx=J‘(x7m+2x“2+x”2)dx=2x”2+gx”2+ § ¥+ C T{"

FORMULAS 5 TO 7 f=\

16. Evaluate f dx/x.

Formula S gives J % =In|x|+ C.

)4/3

2

+1

+C

+C
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17. Evaluate j T2

FUNDAMENTAL INTEGRATION FORMULAS

using (30.3).

[CHAP. 30

J xd:Z =In|x + 2|+ C. We also could use formula 5 and the substitution & = x + 2, du = dx.

18,  Evaluate Ii_‘i'i_.
J 2x—3 2
du =2 dx.

In Problems 19 to 27, evaluate the integral at the left.

190 x_z':-T -

J’ iy —-lfﬂ=%ln|x2—l|+c=%In]xz—1[+lnc==ln(c\/ix2—1[),c>0

Z —
20. [I—éx—=—%f16 2df=—-%lnll—-2x’|+c-—-ln <

1-2%°

===, c>0
Vi -247

21. Jx+1dx fl+———)dx x+hnjx+1|+C

22, e "dx= —fe“(—dx)=—e"+C

a** dx

forace e
2. f.e o= lf (3 dr)= %
|5

€1f1dx J’ ”'(-%)=—e”‘+c

2x
a
+C

31

26. f(e’+1)3e‘dx=Ju3du=uT+C=(i{i)ﬂ+c,whereu=e'+landdu=e'a’x,or
f(e'+1)’e‘dx=j(e*+1)’d(e'+1)=(e L
dx e "dx ~e 'dx i _ e
5 E+1 J1+e™ ) 1+ s )+C—1n1+e,+C
-ln(l+e )+ C

The absolute-value sign is not needed here because 1+ e

FORMULAS 8 TO 17

Sobs ol Cltomd)

In Problems 28 to 47, evaluate the integral at the left.

28. Jsin%xdx=2f(sin§x)(%dx)=—2cos%x+C

* >0 for all values of x.

, using (30.3).
2 dx 1 ’ o
e In |2x — 3| + C. Another method is to make the substitution u = 2x — 3,
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29.

31.

32.

33.

39.

41.

42.

43,

fcos3xdx= i J(cos3x)(3dx)= Ysin3x+ C

sin® x
fsinzxcosxdx=fsin2x(cosxdx)= '3 +C

sin x —sin x dx
Jtanxdx J’ =~J~———-—=—|n|cosx|+C=lnfsecx]+C
Cos x Cos x

Itan 2xdx=1 J'(tan 2x)(2 dx) =} In|sec2x| + C

Ixcotxz de=} j(cotxz)(Zxdx)= LInjsinx?| + C

+1 + sec”
fsecxdx=J'secx(secx anx) . _ [ secxtanx +sec xdx=|n|secx+tanx|+(.‘
sec x +tan x sec x + tan x
jsecfw—2j(secx"2)(’ ~12 dx) =21In|sec VX + tan VX| + C
fsecz?.axdx: if(s R ity DAL g
2a “ 2a

J’sinx+cosx

dx=j(tanx+1)dx=ln|secxi+x+C
COos x

fM= tan ysec ydy =sec y + C

cos” y

f(1+tanx)1dx=f(1+2tanx+tanzx)dx=f(sec2x+2tanx)dx

=tanx +2In|secx|+ C

Ie‘ cose’ dx = [ (cose*)e* dx) =sine” + C

3cos 2x

6

fe3°°’2’sin2xdx“’—*—éjesmlh(—ﬁsiﬂzx‘h)=_ +C

J _ 1~coszxdx:fl“c:’sxdx=J(csc2x—coixcscx)dx
1+cosx 1—cos“x

sin” x
=-—cotx+cscx+ C

f(tan 2x +sec2x)’ dx = f(tem2 2x + 2 tan 2x sec 2x + sec” 2x) dx

=[(25ec22x+2tan2xscc2x—1)dx=tan2x+sc02x-x+C

du I (sec 1u)(5 du) =In|tan ju|+ C

Icscu du =
smu 2sin jucos ju tan Su

211
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J(sec‘tx— l)zd.x=J‘(secz4x-—25ec4x+l)dx=%tan4x— !in|secdx +tandx{+ x + C

sec x tan x dx (secx tanx)(bdx) 1
4 ja+bsecx —'b % b seex *-Blnla+bsecx|+c
dx -_J' sin 2x dx (sin2x)(2dx) _ 1 _ ,
4. J‘csc2x—cot21* 1~c052xF2 1 ooety —3Mm(-cos2x)+C

1
=5 In(2sin®x)+ C' = %(1n2+2lnlsinxl}+C’=In}sinx|+C

FORMULAS 18 TO 20 VATRE 2
.9 } S G o ‘e,.\',__n
In Problems 48 to 72, evaluate the integral at the left. Ve
de I dx
48. j g b arcsinx + C 49. T arctan x + C
50 f . arcsecx + C j = arcsm Sap
) Vr -1 Va-x?
dx 1
53 j f e arcsm 4x +C
) \/25 “lox: 4 \/5~ (41
2%
54. i +9 2 (Zx) +32-Earctan?+c
dx 2dx 1 2x
55. I - :J = — arcsec — + C
Viax’ -9 aV(2x)P -3 3 3
3x° dx
56. I arcsm X+ C
V 1-x* V1- ()
wdy 1 2x dx 11 5 V3 V3
57. J'x“+3“§ (x2)2+3—§ 3arctanﬁ+t::'——6-a\rc:tan 3 +C

2x dx 1 1

58 J_L=1J = 5 arcsecx +C”—arccosl+C
) WVxt-1 20 V(Y - 2 x?

59. ]—m——dﬁ—:=arcsinﬂ—%+c
Va-(x+2) E
dx _J e'dx N
60. ekl b e = arctan e¢” + C

—4x* + i
61. jBx 2x 3xdxxj(3x-—4+ 24 )dx=3i_4x+4arctanx+C
+1 x"+1 ’
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secxtanxdx 1 {2secxtanxdx 1 2sec x
. ——es—— = | emee e = ANCHAN +C
62 9+4sec’x 2 3P+ (2secx)’ 6 3
(x+3)dx xdx J’
63. f = +3 ~V1-x*+3arcsinx + C
Vi-xt Vi-x? Vi-x?
2x = 7) dx 2x dx dx 7 X
64. (x2+)g = x,_+9—7f :ln(x2+9)-3arctan§+c
+
6S. j, dy = 5 a =J dyz =§arclanM(y 5)\/5+C
y+10y+30 J (Y +10y+25+5 J (y+57°+5 5 5
66. f ,=] dx = dx 1=arcsinx—4+C
V20 + 8x - x° V36 — (x* — 8x + 16) V36 - (x — 4)° 6
dx I 2 dx J' 2 dx 1 2x + 1 .
. = = = = t +C
o f212+2x+5 e +rax+10 ] Qx+1)p+o  3MN T3
bl | 1 2x +2 1 {@x-4)+6 , 1 ((2x—4)dx I dx
o !x2—4x+8dx—2 xz—-4x+8dx_2 K —4x+8 dx—l x2—4x+8+3 X —4x+8
_ 1 [ (2x—4)dx J dx _1 - 3 x -
=g x-———_z““4x+8+3 ———(x_z)1+4—21n(x 4x+8)+2arctan 5
The absolute-value sign is not needed here because x° —4x + 8 >0 for all values of x.
+
69. j dx ,zf s =J & aein ™S ¢
Vag-12x—x J Vea—(T+12x+36) V64— (x +6)° 8
70 x+3 __1 == dx——l (—2x—4)m2dx
) V5 —dx —x° 2] Vs—4x-x* 2) Vs —4x—x’
__1 -2x—-4 dx+j dx
VS ~d4x —x* VS —dx — x*
_ 1 f -2x-4 dx+J dx
VS —d4x — x* VO — (x +2)°
+
—V5—4x—xz+arcsinx32+C
"7 J 2x+3 IJ’ 18x +27 1 (18x — 12) +39
) 9x? —12x+8 9x* —12x+8 9x* —12x + 8
f 18x — 12 13[
dx + —- —--—-——2_
9x? —12x+8 3J (3x-2)" +4
__1_ 2 _ E Jxi—2
—gln(9x 12x+8)+18arctan 3 +C
x+2 1 [ -2x-4 (=2x +4) -~ 8
72- e dx = — = —*——dx--—f b M T T
Vax — x* 2 4x — x* Vax — x°

dx 5 gk
o dx+4f———————-——=—V4x—x‘+4arcsin
2J Vax-x? Vé-(x-2) -

+C

213
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o)
S
Lo}

FORMULAS 21 TO 24 s
In Problems 73 to 89, evaluate the integral at the left.

dx 1 x-—l‘ dx 1 1+x
. = = + . e
73 e 5 In 1 C 74 - 2Inl_ +C
de 1 x—ZI dx 1, |3+x
75. x2_4—4ln 5 +C 76. 9—x2_6|n 3T C
77 g =lnx+Vxy+1)+C J—g—x——=ln|x+\f -+ C
Vai+1 Vit -1 !
dx 1 2dx 1
79. f————=—[~————7-—=—-ln 2+ Vaxri+9)+ C
Varro 2 Vaapas 2B vaes)
dz 1 3dz 1
80. L | = =B+ V9 - 25|+ C
V9 -25 3/ V92-25 3 | ‘ |
1 x—4
Y ST
Q.r—l6 =3 (3x}—16 7L Frry
dy 4 dy 1 ’
82. j—-u_ L )
316y 4) 5—(ay "W M |5maylTC
dx __J' dx 1 (x+3)—1[ 1 x+2'
8. Jx2+6x+8_ et L e iy Rl L e ) R
dx dx [ 2+ (x-2) 1 X
I Pt A== R LIPS
-2 Vi TiM iyt e ||+ C
ds ds
85. j ,=f —— =In|s+2+ Vds + 5’|+ C
Vs + 5° Vis+2) -4 nls aidd
86 s 8 l 2x+4 2x dx dx
) Vx +9 Vx’+9 Vx’+9 Vx*+9
=Vx'+9+2In(x+Vx'+9)+ C
87 2x -3 x=l 8x—-12 dx—l 8xdx 3 2 dx
) 4x’ - 11 4] ax’-11 T4d a~11 2J 411
1 VIl 2x— V11
=~ | .11 -
i nld4x® — 11| 14 In e T VI +C
88 J' ¥ 42 I _ Zx+4 1 L AR [ dx
V' +2x ~ Vi +2x - Vi +dr=3 Vir+1)¥ -4

=Vx'+2x-3+Infx+1+Vx'+2x-3|+C

[CHAP. 30
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2-x 8x — 16 IJ 8x +4 J'
! T dx= e | ———— k5 | —
b 4x2+4x-3 8[ 4x’ +4x - 3 8) 4x’+4x-3 i (2x+1)° -4
___1_ 2 _ i 2.1'_](
= glnl4x +4x-3|+ Tl b +C

FORMULAS 25 TO 27
In Problems 90 to 95, evaluate the integral at the left.

5 1
90. JVZS—x‘dx=ix\/25-x2+%arcsin§+C

J V3—-ax dx:%J(V3‘412)(2dx)='21‘(Z—IW+%arcsin \%)+c
1 3 2xV3

=-2-x 3-4x° +Zarcsm 3

i
Ide=éx\fx’-36—181n|x+\’x2"361+c

IV312+5dx=%JV3x2+SV§dx=%[~%§xV3x +5+§ln(\/§x+ V3x:+5)]+C

xV3x? +S+—5V—r—1n(\/_x+\/3x +5)+ C

B =

+ C

TP T g - .
j 3-—2x’x‘dx=j 4—(x+1)'dx=x21 V3—2xwx‘+2arcsinx+1

2

[Var—amsar= 1 [(VE - T e
=1[2‘2‘1\/4x1—4x+s+zm(2x_1+\/4x2—4x+5)]+C

2
ZX—IW-Z———- 5
= g 4" —4x+5+In(2x -1+ Vdx" —4x +5)+ C

Supplementary Problems il Aeeit e

In Problems 96 to 200, evaluate the integral at the left. y et e
96. f(dx"+3x’+2x+5)dx=x"+x"+12+5x+(,‘
97. f(3—2x—x")dx=3x—x2—§x5+C

J(2—3x+x3)dx=2x— I+ ix'+C

99, J(x’—1)2dx=x5/5f21313+x+C
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100.

101.

103.

105.

107.

109.

1.

113.

115.

117.

119.

121.

123.

125.

127.

129.

131,

133.

135.

137.

139.

FUNDAMENTAL INTEGRATION FORMULAS

J(\/.? Ir+2vD de =3 = 1P +4x'7 +

J'(a+x)-‘dx=%(a+x)‘+c

dx 1
et e

dx SoiH
,..—3*2 x+3+

fmdx=-%(2—3x)3'2+c
J‘(x‘l}zxd«‘=§x‘f%xa+§x2+c
me’ dy=1(1+yP?+C
f("—xz)zx2 dx=%x'—ix*+ix"+C

xdx 1
=- +
f (x* + 4 A(x* + 4)° ¢

j(l—x’)zxdx=%x2—§x5+§x”+c

I(Jc2 - x)'2x-Ddx=Lx*-x)*+C

\f(i%)ix- WY o ey EW
X x—4

(1+vE 2 .
J - dx=5 (14 VAP + C

(x+D(x-2) i 8 2 32 12
fﬁp—\/-?umdx x° -3 4x
de 1
3x+14~1n|3x+1|+C
x*dx 1 5
J’l_xl—'—gln“ ..'(‘|+C
fx"”“zdx Ly +2mjx+2l+C
x+2 2
dx de |\ 2x—1‘
f(Zx—l 2x+1)““ stk
je“dx te + C
J'e—x+zxd ___Hl':+2+c

C

102,

104,

106.
108.
110.
112.

114.
116.

118.

120.
122,

124.
126.
128.

130.

132.
13,
136.
138,

140.

[CHAP. 30

J(x—2)3'2 dx=3(x~2)*?+C

1
J(x—-l)3=_2(x‘~1)2+c
Jv3x— de=303x-1)7"+C

f(zx’ +3) Pxde = F(Q207 437+ C
I(xz— Dxde=L(x" -1+ C

f(f +3)tde=3(x*+3)’+ C

1

= 5 C
Q-y  22-y7

f(l-—x’)zdx=x— I+ 4+ C

J’(1~x3)1x2dx=—%(1ﬁx’)3+c
3t di 23
—( +3)
T
dx 3 |
j @+ b’ Sag ¥ bx)’'* + C

Jﬁ(3— Sx)dx=2x"(1~x)+ C

dx

jx41 -1+ C
3xdx 3 2
xH_“z*_zhzln(x +2)+ C

=1
=x- +1]+
Jx+1dx x=2lnlx+1|+C

x+1
-—dx' 1nx+2x+2 +C
Jx2+2x+2 ( )

4x 1 R‘u
= - +
]“ dr= e T C
li,x2
f_}dx=_1€1u’+c
¢ 2
[xze‘sdx =l + C

e+

I(e"—x‘)dxze‘—x +C

e+1
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141. J(e‘+1)ze‘dx= We+1)Y+C
143 f(‘+1)2dx—1 0 g e iy ol
: 5T —2°¢ 2e**
e -1 1
Zx 273
. S——dx = - x+
145 fe,,+3dx In(e™ +3) 3% C
dx 3 ,
147. W=§IDC(X23+]).C>0
149, J.cos%xdeZSin Ix+ C
151. fcsczzxdx=—£cot21+C
153, jtanzxdx:tanx'"anC
155. jcsc 3xdx =}1In]|csc3x —cot3x|+ C
157. J’(cosx—sinx)zdx=x+ jcos2x + C
159. J‘sin".x cosxdx=4sin"x+C
161. Ilans xsec’ xdx=ttan®x+ C
163 f T 2(tan 3x +sec ix)+ C
' 1-sin ix : :
165 J‘——-———-=x+l(cotax*cscax)+(?
) 1+ sec ax a
sec’ 3x 1
167. JTan—?a; dx =3 In |tan 3x| + C
169, f R cert Ayl = Lo ¥y €
171, J o =arcsin§lf-§+c
Vs-x* 5
173. j L = ﬁ arcsec ﬁ +C
Vx'-5 5 5
e'dr 1 "
175. j 7" 3 arctane”* + C
dx 1
177. o274 ¢ arctan — + C
sec” xdx
179. arcsm (2tanx)+ C

Vi-4tan’ x

142.

144.

146,

148.

150.

152,

154,

156.

158.

lwl

162.

164.

168.

170.

172.

174.

176.

178.

180.
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5'2‘ 2
f s =3 L=+ 3+ ¢

e —1 _ . 5
fex+1dx—ln(e +1Y-x+C

&
(1-va)?’

=In C>0

,“\/E(I*\/'.f)
!sian =~lcos2x+ C
Jsec3xtan3xdx=§scc3x+€
]xseczxzdx=%tanxz+C
J‘tanixdx=21n|sec x|+ C
b
bseca.rtanaxdx=;secax+c
. | R —
sinaxcosaxdxy = -—sin“ax+ C
2a
1 2 i ] "
=——c¢os"ax+C' =—--cos2ax+ C
2a da

Jcos‘xsinxd =-lcos’x+C

Jcot“chsc23xdx=——cot 3x+ C

_ 1 —cos3x
3 sin 3x

+C

J l+cos3x

1 X
=-gtan° =+ C
a

1. x
sec” — tan -
a a 2

5
sec” x 1
f d.x=Esec4x+C

CsC x

J'EZsin,%xcos:;xdx: ée2sin31+c

/5
arclan St €
5 +x? 5
] =arcsine” + C
— e
dx . 3x
e 3arcsm 2 +C
sin 8x 1 sin® 4x
Ig+sm,,4xdx—ﬁarcta 3 +C

‘+C

= -—arcsm Inx*
IIV4 9in’ x
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181.

183.

184.

185.

186.

187.

189.

191.

193.

194.

195.

196.

197.

198.

199.

200.
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[CHAP. 30

2xt - x? 1, V2 Icostdx V2 sin 2x
A dx= -yt == 182. el O

e dr=3rx~-xt-3 arctan xV2 + C onTarig - 8 e s +C
(2x — 3) dx (2x + 6) dx J’ dx i, 9 x+3

- - = 6x +13) - = +C

Jx2+6x+l3 it ) Erir e WX 0 H13)~ 3 e =5

(x = 1) dx (6x—-4)dx dx 1 . 3 3 ~2
e M = ==1 oy 4
3% - dx +3 6 ST ) b e g MR A g et = L
‘——&""—:’:-V27+6X‘X2+3a[(5in1_3+C

V27 +6x —x° 6

e 2L 4")‘{" = VIZr 4 — 8- L arcsin (2x - 3) + C

V12x — 4x° - 2

de 1 x—2| j 1 .. ]2x=3

g sgly o+ 0 188. gl 1 n|>3+C

dx 1 x+3l J' ‘x-i—Sl

s a=gh|i5|*C 9. | o =

dx

———=In{x+ V' +4)+ C f 1nzx+V4x -25|+ C
JV16—9x2dx=%x 16—9x2+§arcsin3%+€

jmm;xmﬂsmﬂmuc
f\/mdx=§x 4x2+9+‘;’ln(2x+\/m)+()

[VF 2 Bar=ta~ )V -Z-3-2Inlk -1+ Vi -3+ €
fmdx=é(x—2)\/m+8arcsin£(x—2)+c
fmdx=%(x+2)m—21nix+z+ml+c

[ VT8 dr = - VT Bx - 8nfx - 44 Vi mBx| +

IVﬁx—x: =%(x—-3) 6x—x2+;arcsinx;3+c




Chapter 31

Integration by Parts

INTEGRATION BY PARTS. When u and v are differentiable functions of x,

d(uv) = u dv + v du
or udv=d(uv)—uvdu

and fudu=uv—fvdu {31.1)

When (31.1) is to be used in a required integration, the given integral must be separated into
two parts, one part being u and the other part, together with dx, being dv. (For this reason,
integration by use of (31.1) is called integration by parts.) Two general rules can be stated:

1. The part selected as dv must be readily integrable.

% v du must not be more complex than | u« dv.
EXAMPLE 1: Find Jx’e*z dx.
Take u = x* and dv = e* x dx; then du = 2x dx and v = e*. Now by (31.1).
3 5 [2;2 x* ]21':2 ]Jc2
jxe dry = sx°e —jxe de=1ix"e" - 3" +C

EXAMPLE 2: Find J]n {x* +2) dx.

Take u =In(x* +2) and dv = dx; then du = f;tdx and v = x. By (31.1),

+2
=x1n(x2+2)—f(2—

4
Xt 2

2x? dx

xt+2 )dx

jln(x2+2)dx=xln(x2+2)_

=xIn(x*+2)=2x+2V2arctan —\% +C
(See Problems 1 to 10.) o~

S N

REDUCTION FORMULAS. The labor involved in successive applications of integration by parts to
evaluate an integral (see Problem 9) may be materially reduced by the use of reduction
formulas. In general, a reduction formula yields a new integral of the same form as the original
but with an exponent increased or reduced. A reduction formula succeeds if ultimately it
produces an integral that can be evaluated. Among the reduction formulas are:

dx 1 [ X 2m—3 dx ]
e = . m#1 (312
@y dlam-@e)y zm-2) @z " (31.2)
2+ 2\m 2
[(aztxz)'" dx = ”(;m—:l) 5 2§nmz1 f(aztxz)m_l dx, m#—1/2 (31.3)
dx 1 [ X 2Zm—3 dx ]
—_——— e - — ,m#1 (314
f (xz — al)m e (2m —2)(1:2 —_ az)m—l + 2 (xz — a2)m—l m ( )
2 I\m 2
f(x2 ~ )" dx = "'(;m +"1) " zfn"‘f_l J(x2~ Y ldx, m#-1/2 (31.5)

fxm eu.r dx= %xm eax_ %‘ fxm—l eax dx (316)
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om-|
‘ . sin” xcosx m-—1 o
jsm"’x dx = — + J'sm"’ 2y dx
m m
m=1 .
cos” xsinx m-—1 .
j cos"x dx = + I cos™ x dx
m m
s om+1 n-1
. sin” xcos x n-—1 , _2
fsm'"x cos"x dx = + sin"x cos” “x dx
m+n m+n

sin” 'xcos"'x m-1
= - + Jsin’"‘zxcos"xdx, m#= ~n
m+n m+n

fx’"sinbxdx= -%—cosbxi—%Jx"‘“cosbxdx

fx"'cosbxdx= fr—l‘;sinbx-—-",t—'l J’x'"_lsin bx dx

(See Problem 11.)

Solved Problems <. Lot 2

1. Find f X sin x dx.

[CHAP. 31

(31.7)

(31.8)

(31.9)
(31.10)

(31.11)

We have three choices: (a) u = xsinx, dv =dx; (b) u=sinx, dv=xdx; (¢) u=x, dv =sin x dx.

(@) Let u = xsinx, dv = dx. Then du = (sin x + x cos x) dx, v = x, and

J-xsinxdx=x-xsin1—J’x(sinx+xcosx)dx

The resulting integral is not as simple as the original, and this choice is discarded.
(b) Let u=sinx, dv=xdrx. Then du =cos x dx, v = 1x°, and

fxsinxdx= %xzsiﬂx_f 1x*cos x dx

The resulting integral is not as simple as the original, and this choice too is discarded.

(c) Let u=x, dv =sinx dx. Then du = dx, v = —cos x, and

stinxdx=—xcosx_f4cosxdx= ~xcosx +sinx+ C

2. Find f xe* dx.
Let u = x, dv = e" dx. Then du = dx, v = ¢*, and

j.re“dx=xe‘—je‘dr=xe"—e“+€

3. Find f x%In x dx.

dx 3
Lctu=lnx,dv=x2dx.Thcndu"-“T,v=£3r,and
3 3 3 3
2 X [rd_x J.f TN SN
jxlnxdx 3lnx I3 = 3lrur 3 x“dx 3ln)c 9x +C
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Find fol + x dx.

Let u=x, dv = V1 + xdx. Then du=dx, v=31(1 +x)""? and

fx\/—“w Txde=3x(1+x)"*-}% Ju + ) i dx=dx(1+ )P - K1+ 0+ C

Find f arcsin x dx.

. dx
Let u = arcsin x, dv = dx. Then du = : =, U =1, and
-x
. . x dx . VIie s
arcsin x dx = x arcsin x — . ==xarcsinx +V1-x"+C
_x-

; i i
Find !sm x dx.

Let u = sin x. dv =sin x dx. Then du = cos x dx, v = —cos x, and

fsinzxdx=—sinxcosx+fcoszxdx:—sinxcosx+j(1—sin2 x) dx
=—§sin2x+]dx—‘[sin2xdx

Hence 2jsin2xdx=-§sin2;r+x+C' and Jsinzxdx=§ —Lisin2x+ C

Find f sec’ x dx.
Let u =sec x, dv =se¢” x dx. Then du = sec x tan x dx, v =1an x, and

jsec’xdxzsecxtanx—Jsecxtanzxdx=secxtanx—fsccx(seczx* 1) dx

=secxtanx-Jsec3xix+Jsecxdx
Then 2fsec'1’xdx=secxtanx+Jsecxdx=secrtanx+ln]secx+tanx|+C'
and Jsec’xdx=%{secxtanx+ln|secx+tanx|}+C
. 2
Find jx sin x dx.
Let u = x°, dv =sin x dx. Then du = 2x dx, v = —cos x, and

fx’sinxdxs—xzcosx+2jxc05xdx

For the resulting integral, let u = x and dv = cos x dx. Then du = dx, v =sin x, and

szsinxdx=—xzcosx+2(xsinx—Jsinxdx)=—xzcosx+2xsinx+2cosx+C

Find ijez" dx.
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10.

11.

12.
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2

Let 4 = x°, dv = e** dx. Then du =3x* dx, v = le*, and

3 2 3 2.
Ixe‘dx=%xe'kifxzez‘dx

2x

For the resulting integral, let u = x° and dv = ¢ dx. Then du =2xdx, v = je*, and

jx3el.r dx s %xlelr - %(%IZeZJ - J'xezx d.x) - %xle2x _ gxzellx £ %J xelx d,t
For the resulting integral, let u = x and dv = ¢ dx. Then du = dx, v = Le®, and

jxler d.l'= %x:ielx_ 5x282x+ ;(%xez.t_%jelxdx); %IJeZ.t___ %xzezx 4 %xeh— %eh B C

E d _
Find reduction formulas for (a) J. Z;gx—:}%; and (b) f a = )" dx.

x dx *1
; th =dx,v= =
—; then du=dx, v Gm D@ )

(a* = x%)

xdx Fx ¥

1 J' d
= +
(az + xl)m (2m _2)(aztx2)m—i - 2m ax 3 (a:’. tIZ)M"l

and

(a) Take u=x, dv=

+1
— (&’ = £*Y", and

(b) Take u=x, dv = x(a® £ x*)" "' dx; then du=dx, v = =

Jo 13 2ym- 1 Tx | 2 2ym
x(a" =x%) dx=—2-;1—(aix)+—n-1 (@ £ x )" dx

Find: (a) f ﬁ and () J(9+ 272 .

(@) Since (31.2) reduces the exponent in the denominator by 1, we use this formula twice to obtain
I dx B x & 2 ." dx B x N 2 X
(] +x2)5!2 3(1 +12)312 3 (1 +x2)]12 3(1 +x2)3!2 3(1 +x2)| 2
(b) Using (31.3). we obtain

+C

J(9+x2)312 dx“—" %x(g_*_xz)_\rz + %1 j(9+x2)]J2 dx

=1g(9+ Y+ Z[x(9+ x)' 49 (x + VI + ')+ C

- om=—1
. ) . m sin cos | e,
Derive reduction formula (31.7): J’sm xdx=— > r: - JE mm fsm *xdx.

We use integration by parts: Let u=sin™"'x and dv =sinxdx; then du=(m~- 1)sin™ * x
cos x dx, v = —cos x, and

fsin"‘.rd.x=—cosxsin"'“lx+(m-—1)J'sin'"‘2xcoszxdx
= —cosxsin™ ' x +(m— 1)](5in"“2 x)(1 - sin® x) dx
=—cosxsin™ ' x+(m-— I)Jsinm’zxdx—(m— I)Jsin"’xdx

Hence, mjsin'"xdx=-cosxsin”’“x+(m~1)jsin”'2xdx

and division by m yields (31.7).
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Supplementary Problems <cc// .. N

In Problems 13 to 29 and 32 to 40 evaluate the indefinite integral at left.
13. chosxdx=xsinx+cosx+€

14. J'.arsec2 3xdx = ixtan3x — } In|sec3x|+ C

1s. Jarccos 2x dx = x arccos 2x — %W +C

16. jarctanxdx=xarctanx—lnV1+x2+C

17. Jx’\fl —xdx=—Z(1-x)"(15x" + 2x + 8} + C

xe* dx e
18. O+rx’ 1+x

19. fxarctanxdx=%(x2+l)arctanx—5x+C

w0 [He =1+ I+ )4 C

21, fsin’xdx=—%cos:‘x—-sin’xcosx-!—C

22, [x’sinxdr=-—x’cosx+3xzsinx+6xcosx—65inx+C

xdx _ 2(bx —2a)Va + bx "

23. Va + bx 3b* ¢

2
=4z (Bx*—4x+8)VI+x+C

xarcsinx” dr = {xlarcsin 2+ IV1-x*+C

g B
L—.ﬁ‘-_._‘

sinxsin3xdx=1isin3xcosx — sinxcos3x+ C

27. fsin (Inx)dx=3x(sinlnx —coslnx)+ C

e*"(b sin bx + a cos bx)

28. Je cos bx dx = e g +C
2. fe"sinbxdx=‘" LELEC ot 27 B
a“+ b
. 2 dx 2y 2y, 2 v 3ot
30. (@) Write IEE:LEEF = %ﬁ%%ﬂdx:f @ =)y IJ’ (a;ti ) and use the result of

Problem 10(g) to obtain (31.2).
(b) Write f(a2 +x))"dx=a* | (a* £ x*)"7 dxtfxz(az +x*)" 1 dx and use the result of Problem
10(b) 1o obtain (31.3).

31.  Derive reduction formulas (31.4) to (31.11).

dx x(5-3x%) 3 1+x
- 8- "6 M1

32.

|+c
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dx x
. I @ ) waraye T e

34. J(4—x2)"’2dx= 1x(10 — x*)V4 - x> + 6 arcsin 4x + C

x—4
n x+4|]+C

de 1 [x(3x2-80)+§
(x~16)° 2048 L (x*-—16)° 8

35,
36. [(12 ~ 1P dx = hx(8xt — 26+ 33)Vx - 1 — & inx +Vxi-l1+cC
37. jsin"xdx:%x—-%sinxcosx—%sinsxcosx+C

cos’ xdr= L(3cos* x +4cos’ x +8)sinx + C

sin'xcos’xde=-Lcos’ x(sinx+ §)+ C

¥
—— — —

sin*xcos® xdx=4sin’ x (cos* x+ $cos’ x+ £)+C

An alternative procedure for some of the more tedious problems of this section can be found by noting (see
Problem 9) that in

i x 2,
Ix‘e" dr = ix’e® — 1x%” + 3xe” — 3™ + C (1)

the terms on the right, apart from the coefficients, are the different terms obtained by repeated differentiations
of the integrand x’e’*. Thus, we may write at once

Ir’ez' dx = Ax’e™ + Bx'e®™ + Dxe” + Ee** + C (2)
and from it obtain by differentiation ,
x’e™ =2Ax'e” + (3A+2B)x’¢™ + (2B + 2D)xe” + (D + 2E)e™
Equating coefficients, we have
2A=1 3JA+2B=0 2B+2D =0 D+2E=0

sothat A=} B=-3A4A=-
(1).

This procedure may be used for finding f f(x) dx whenever repeated differentiation of f(x) yields only a
finite number of different terms.

,D==B=3, E=~}D=—3. Substituting for A, B, D, E in (2), we obtain

Bt

41. Find f e’* cos 3x dx = e’ (3sin3x + 2 cos 3x) + C, using
j e cos 3x dx = Ae** sin3x + Be** cos3x + C
42, Find f e**(2 sin 4x — 5 cos 4x) dx = %e** (- 14sin4x — 23 cos 4x) + C, using
I e**(2 sin 4x — S cos 4x) dx = Ae’” sindx + Be’* cos4x + C

43. Find jsin 3x cos 2x dx = ~ §(2 sin 3x sin 2x + 3 cos 3x cos 2x) + C, using

jsinchostdxrAsin3xsin2x+ Bcos3xcos2x + Dcos3xsin2x + Esin3xcos2x + C

x

4. Find f e*x%sin x dx = ~

550 [25x*(3 sin x — cos x) — 10x(4 sin x — 3cos x) + 9sin x - 13 cos x} + C.
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Trigonometric Integrals

THE FOLLOWING IDENTITIES are employed to find some of the trigonometric integrals of this

chapter:
1. sin*x+cos’x=1 2. 1+tan’ x =sec’ x
3. 1+cot’ x=csc’ x 4. sin® x = }(1 - cos 2x)
5. cos’ x = §(1+ cos2x) 6. sinxcosx =} sin2x
7. sinxcos y = }[sin (x — y) +sin (x + y)] 8. sinxsin y = 3[cos (x — y) —cos (x + y)]
9. cosxcosy= [cos(x—y)+tcos(x+y)] 10 1—cosx=2sin’ jx
11. 1+cosx=2cos” }x 12. 1=sinx=1=%cos(jm —x)

TWO SPECIAL SUBSTITUTION RULES are useful in a few simple cases:
1. For J sin™ x cos” x dx: If m is odd, substitute u = cos x. If n is odd, substitute u = sin x.

2. For [tan”’xsec"xdx: If n is even, substitute u=tanx. If m is odd, substitute
U =Ssecx.

Solved Problems

SINES AND COSINES

In Problems 1 to 17, evaluate the integral at the left.

K\Bé ‘_‘; 1. J’sinzxdx——-f%(l—cost) dx=1ix—1lsin2x+C
2 Jw523x¢=f%(l+COS6X)dx=2x+TIQSiﬂﬁX'i‘C

S, 1 3 Jsin’xdx=[sin2xsinxdx=I(l—coszx)sinxdx= ~cosx+ §cos’x+ C
This solution is equivalent to using the substitution u = cos x, du = —sin x dx, as follows:

Isin’xdx=-—f(1—u2)du=—u+ Juw+ C=-cosx+ jcos’x+ C

N4 J‘c.:cm5 x dx =jcm4xcosxdx =J(1 —sin” x)’ cos x dx

=jc05xdx—2Jsin2xcosxdx+ Isin‘xcosxdx
=sinx— sin®x+ }sin®x+ C
This amounts to the use of the substitution u = sin x. We have also used (30.2).

~
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OS jsinzxcos’xdx:jsinz x cos® x cos x dx =Jsin1x(1 — sin’ x) cos x dx

?‘*
o

=Jsin2stxdx—Jsin‘xcosxdx= Ysin®x=bsin®x+ C

~, 6. fcos" 2xsin’ 2x dx = j cos* 2x sin® 2x sin 2x dx = Jcos" 2x (1 - cos® 2x) sin 2x dx

=jcos‘sziandx—J’cos°2xsin2xdx=mﬁicos’21+,-i-‘cos72x+(_“

\ T J sin® 3x cos® 3x dx = J (1 — cos” 3x) cos” 3x sin 3x dx

=fcos’ 3x sin 3x dx — fcosviixsin3xdx= —kcos®3x+ 4 cos®3x+ C
or I sin’ 3x cos’ 3x dx = IsinJ 3x (1 - sin® 3x)° cos 3x dx

’ :j f o 0, & .5 g o
Q f’i{.n-é‘s 4 51{ = | sin® 3x cos 3x dx — 2 | sin® 3x cos 3x dx + | sin’ 3x cos 3x dx
il 4~

= Lsin'3x— Lsin®3x+ sin®3x+ C

2 1 g ( _-zz) X o Yigin 5 —sin®E
8. jcos3dx Jl sm3cos3dx 351n3 sm3+C
9. Jsin‘xdx=j(sin2x)2dx=ﬁj‘(l—coslt)zdx

il

%jdx— } Icostdx+iIc0522xdx

]

ijdx—%Jcostdx+§j(l+cos4x)dx

[

ly—lsin2x+ lxr+ &sindx+ C=3x~isin2x+ ysindx +C
10. jsinzxcoslxdx= L sin®2xdx =1} f(l——cosdx)dx= lx — & sindx+ C
1. Jsin" 3x cos” 3x dx =J'(sin2 3x cos’ 3x)sin’ 3x dx = § Jsin:6x (1 - cos 6x) dx

= 3 Jsinzﬁxdx—%, sin’ 6x cos 6x dx

,%I(l—cosux)dx—%fsinzﬁstﬁxdx

It

&x — 1 sin 12x — & sin’ 6x + C

12. J.sin 3xsin2xdx = j L[cos (3x — 2x) — cos (3x +2x)] dx = 3 J’ (cos x — cos 5x) dx

=lsinx— sinSx+ C

13. [sin 3x cos Sx dx =I }[sin (3x — 5x) +sin (3x + Sx)] dx = { cos2x — 5 cos8x + C

[CHAP. 32
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14, Jcos4xco52xdx=%j(c052x+cm6x)dx=%sin2x+ L sinéx+ C
15. ]Vl—cosxdx=\/§jsinéxdx=—2\/§cos§x+c

16. J’ (1 +cos3x)’? dx = ZViJ cos® 3xdx = 2\5] (1—sin® 3x)cos 3xdx

=2V2(}sin 2x - 3sin’ 3x)+ C

d dx NN N, § .
v [t = |Gy octin-na

=—-—?ln]csc(%w~x)-—cot(%w—x)|+C

TANGENTS, SECANTS, COTANGENTS, COSECANTS

Evaluate the integral at the left.
18. Itan‘xdx=~"ftanleanlxdx=J’tan:x(scczx -1)dx= jtanz xsec’ x dx — Itanzxdx

=jtan’xsec1xd_x-J(sec’x»])dxz%tan’x—tanx+x+C

19. Itan’xdx=jtan3xtan2xdx=jtan3x(sec2x—l)dx
=jtan’chzxdx—ftan’xdx=ftan3xsec1xdx—ftanx(seczx—l)dx
=1tan*x - Jtan’ x +In|secx| + C

20. Isec‘ 2xdx = fsccz 2x sec’ 2x dx = fsecz 2x (1 + tan® 2x) dx

=jsec22xdx+Jtan22xscc22xdx==itaanJr‘gtan32x+(,‘

21. f tan® 3xsec’ 3x dx = J tan® 3x (1 + tan® 3x) sec” 3x dx
= J'tan3 3xsec’ 3xdx + ftan’ 3xsect3rdr= % tan*3x+ S tan®3x + C
22. Jtan’xsec3xdx=I(sec2x— 1)sccde=Jsec’xdx—[scc’xdx
—1lsec’xtanx— secxtanx— } In|secx +tanx|+ C (integrating by parts)
23. J’ tan® 2x sec’ 2x dx = [ (tan? 2x sec? 2x)(sec 2x tan 2x dx)
= f (sec? 2x — 1)(sec’ 2x)(sec 2x tan 2x dx)

= j (sec” 2x)(sec 2x tan 2x dx) — [(sc;t:2 2x)(sec 2x tan 2x dx)

=Lsec’2x— bsec’2x+ C

227
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24, Icol’Zxd,t:Jcotlx (cse*2x — 1) dx = -} cot® 2x + } Infese 2x[ + C
25. Jcot"lxdx-ﬂ Icot] 3x(cse’3x - 1) dx= J‘cotz 3x csc® 3x dx vfcotz 3x dx

fcot 3xcse’ 3x dx — j(csc 3x—1)dx——;cot 3x+dcotdx+x+C

26. Icsc"xdx=fcsc2x(l+cot2x)2dx=fcsc2xa'.x+chotzxmclxdx+Jcot‘xcmzxdx

= —cotx—3cot’x—teot’ x+C

27. Jcot 3xcsct 3xdx = J cot 3x (1 + cot® 3x) csc” 3x dx

=fc013xcsc13xdx+J’cot’3,rcsc23xdr=—-écot23x— Leot*3x+ C

28. Jcot’ xesc’ xdx = j (cot® x csc* x)(esc x cot x dx) = J (csc® x — 1)(esc” x)(esc x cot x dx)

=[(csc"x)(cscxcotxdx)_I(csc‘x)(cscxcotxdx)=—%csc7x+ lesc®’x+ C

Supplementary Problems

In Problems 29 to 56, evaluate the integral at the left.

29. Icoszxdx=%x+isin2x+c

30. J’ sin’

al. Jsin‘

2 oo

o [
[

. [
[
J

37. sin’

2xdx=Lcos’2x —3cos2x+ C

2xdx=3x~ isindx + & sin8x+ C
‘irxdr=3x+isinx+ fgsin2x+C

xdx=13cos’ x— 3cos’ x+cos’ x—cosx+C
Ixdx= ﬁx+§smx+ﬁsm2x—f—sm x+C

xcos® x dx = } sin® x — ¢ sin’ x+4sin"x+C

xcos’ xdx =} cos®x— }cos ‘x+C

xcos’ xdx= & cos’2x — g cos2x + C
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8. Isin‘xcos‘xdx=f§—g(3x—sin4x+ésinSx)+C
39. Jsiancosttxdx =}cos2x— 5 cosbx+ C

40. jcosBxcostdx=%sinx+‘—‘ﬁsin5x+C

41. Isin5xsinxdx=§sin4x—i‘gsinﬁx+C

3
4. Jcos x dx

; 1.
- =sinx+ =sin"x+ C
1-sinx 2

2/3

cos” T x 3

43. J'—‘;T.‘f“"‘dx=“"—COISGI+C
sin’ X )

3

cos” X 1

44. J T dr=cscx—sesc’x+ C
sin” x 3

45. j x(cos® x? — sin® x%) dx = 3 (sin x* + cos )4 +sin2x) + C

46. Itan’xdx—-—%tan2x+1nlcosx|+C

47. J’tan3 Ixsec3xdx=Lsec’3x— jsecdx+ C

48. J tan™? xsec® xdx=2tan*?x+ 2tan"?x + C

49. Jtan"xsec‘xdx=%tan’x+%tan’x+C 50. fcsc“Zxdx=—£cot2x—-,'—,cot“Zx+C
sec x \* 1 1
51, J.cot’xdxﬂ—:‘zcotzx—lnlsianC 52, j( ) dx = — — - +C
fan x Jtan x tan x
cot® x L
53. fcot’xcsc‘xdx=-—%cot"x—.lr,cot"x+C 54, J i dy=—-sinx—cscx+C
55, fcot’xcsc’xdx=—%csc’x-l-%csc’x%-C 56. Jtanx\/secxdx=2\/secx+C
87 Use integration by parts to derive the reduction formulas
m 1 m— N iy
Jsec udu= sec™ ‘utanu + jsec udu
m-—1 m—1
" m-—2 .
and jcsc'"udu=— esc™ Y ucotu+ jcsc 2 udu
m-—1 m—1

Use the reduction formulas of Problem 57 to evaluate the left-hand integral in Problems 58 to 60.
58. fsecaxdxﬂisecxtanx+%lnlsecx+tanx]+C
59, jcsc’xdx= ~lesc®xcotx— §escxcotx+ 3 ln [esc x —cot x| + C

60. Jsec°xdx=§sec‘xtanx+ %seczxtanx+%tanx+£‘=%tansx+§lan3x+tanx+c
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TN
Trigonometric Substitutions ("

SOME INTEGRATIONS may be simplified with the following substitutions:

1. If an integrand contains Va® — x°, substitute x = asin z.
2. If an integrand contains Va’ + x’, substitute x = a tan z.
3. If an integrand contains Vx* — a’, substitute x = a sec z.

More generally, an integrand that contains one of the forms V b Va' + b'x’, or

Vbix: — a° but no other irrational factor may be transtormed into another involving trig-
onometric functions of a new variable as follows:

For Use To obtain

s 7.3 a . + .
a —b'x x=—sinz aV1—sinz=acosz

b

N _a Vittant z =

a +bx x——Etanz aVl+tan® z=asecz
a

bt~ at x=7secz aVsec’z—1=atanz

In each case, integration yields an expression in the variable z. The corresponding expression in
the original variable may be obtained by the use of a right triangle as shown in the solved

problems that follow.

Solved Problems

dx
1. Find f R
“Va+ ¥

Let x = 2tan z, so that x and z are related as in Fig. 33-1. Then dx = 2sec’ zdz and Va+x" =

2sec z, and
I dx _J Isec’ z dz _lf se€c 2 dz=1js'n'zzcoszdz
Va+x’ (4tanzz](253cz) 4} tan®z 4 .
2
8 et o i L E g
4sin z dx

Fig. 33-2
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2

X
2. Find J —
Vxi-4
Let x =2secz, so that x and z are related as in Fig. 33-2. Then
Vx?’—4=2tanz, and

dx.

dx =2sec zlan zdz and

4sec’
dx = —E—E(Zsecztanzdz)=4jsec3zdz

[ =
P —4 2tan z

Zsecztanz +2In|sec z +tan z| + C'

LVl —4+2In|x+ Ve -4+ C

1

il

2
Find f ——————“9x4x dx.

3.
Let x = % sin z (see Fig. 33-3); then dx = } cos 2 dz and V9 — 4x” = 3 cos z., and

v"‘:—_z 52 el
J 9x4x g = 3003Z(%coszdz):3fcm Zdz=3fl sin de

3 sin 2 sin z sin z

=3Jmczdzﬂ3fsinzdz=31n]cscz-—cotz|+3cosz+C'

: » 2
IV Ve

=31In

2x

z

Vo — 4zt
Fig. 33-3

dx
4. Find f —_——,
xV O+ 4x?
Let x = 2 tan z (see Fig. 33-4); then dx = 3 sec? zdz and V9 + 4x" = 3sec z, and

3 sec’ zdz

dx
ij9+4x2—J(%la“Z)(3SCCZ)
\/9+4x2—3\
el

1 1
=§jcsczdz=ilnlcsczAcotzHC'

1 l
-—gln

au\312
5. Find f (6 -9c) " 4.
X

Let x = $ sin z (see Fig. 33-5); then dx = % cos zdz and V16 — 9x° = 4 cos z, and

16 — 9x%)*"? 64 cos’ 2)( % cos z dz 4 .
JL_;‘LdX= ( )5 )=2—§ Coszdz:%‘gjcot‘zcsczzdz

X 4% sin® z 16 J sin®z
43 243 (16-9x)" 1 (16-9x%)™"
8 =% e TR X +L
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: ir : x-1
Z | z
Vi — bz VZz -2
Fig. 33-5 Fig. 33-6

2 2
6. FindJ £ =j X o

V2x — x° Vl—(x—-l)z'

Let x — | =sin z (see Fig. 33-6); then dx = cos z dz and V2x — x* =cos z, and

1+ 3
g——-ﬂg—i)—coszdz=J(l+sinz)’dz=j(§+Zsinz-%cosZz)dz

f\/gx_.x COS 2
1
2cosz-—Zsm2z+C-—arcsm(x—l) 2V2x - x* ———(xul)V?_x—r + C

arcsin (x — 1) — -(x+3)'v2x x+C

LS R

dx dx
T Find f = J .
(4x* - 24x +27)*" [4(x —3)" - 91™"*
1 sec z (see Fig. 33-7); then dx = } sec z tan z dz and V4x® — 24x + 27 =3 tan z, and

J’ dx _Hf%sccztanzdz_ 1 jsm iy
(4x° = 24x +27)*"° 27tan’ z 18 .

Let x—3=

1 x—3

1
esraogez L= g +C
18 9 Vax®—24x +27

Supplementary Problems

In Problems 8 to 22, integrate to obtain the given result.

R ™Y/ A

@-xy? ava-x
J\/zs x ls— 25— x*
X

=5In +V25s—-x'+
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dx a*—x*
104 J’xzvaz_xz -~ alx +C
11. _[Vx2+4dx=m}x\fx2+4+2ln(x+ Vx*+4)+ C
12 I x” dv = : —arcsin‘E +C
. (az - xz)s,'z Vaz _xz a
13. fo2—~4d.x=%xsz-4—2ln]x+V.rz—4|+C
Vx2+az a Vaz-i-xz“a
14. J————-d =Vxi*+a'+zIn ——=——+C
x * 2 Va'+xi+a
x* dx X
! = +
1 J(4—x2)5” -y ©
dx X
. 5 = +
6 |G
17 J de __V9-x ¢
) Vo —x? 9x
x*dx 1
18. — e = VX'~ 16+8In|x +Vx*—16|+C
Vxi-16 2 * | % ‘
2
19. fx’\/aT:? dx=%(a2-x3)-"2— %(a3~x2)3'2+C
dx
20. JW__=|D x-24+Vx*=-d4x+13)+C
Vxl—d4x+13 ( )
dx x=2
. = +
= I(4X‘12)3!2 4Vax - x* €
dx 1 x x
22. W—54arclan§+m+c

In Problems 23 and 24, integrate by parts and apply the method of this chapter.

23,

4.

Jxarcsinxdx= 1(2x* - Darcsinx + xV1I-x"+C

Jxarccosxdx= 1(2x* - 1) arccos x — JxV1-x"+ C

233
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Integration by Partial Fractions (20

A POLYNOMIAL IN x is a function of the form a,x" + a,x"'+:-+a, x+a, where the a’s are
constants, @, # 0, and n, called the degree of the polynomial, is a nonnegative integer.

If two polynomials of the same degree are equal for all values of the variable, then the
coefficients of the like powers of the variable in the two polynomials are equal.

Every polynomial with real coefficients can be expressed (at least, theoretically) as a
product of real linear factors of the form ax + b and real irreducible quadratic factors of the
form ax’ + bx + c. (A polynomial of degree 1 or greater is said to be irreducible if it cannot be
factored into polynomials of lower degree.) By the quadratic formula, ax’ + bx + c is irreduc-
ible if and only if b> — 4ac <0. (In that case, the roots of ax* + bx + ¢ =0 are not real.)

EXAMPLE 1: (a) x> — x + 1 is irreducible, since (- 1)* —4(1)(1) = -3 <0.
(b) x*—x =1 is not irreducible, since (- 1) — 4(1)(~1)=5>0. In fact, x*’'—x-1=

(” 1“2\@)'

A FUNCTION F(x) = f(x)/g(x), where f(x) and g(x) are polynomials, is called a rational fraction.
If the degree of f(x) is less than the degree of g(x), F(x) is called proper; otherwise, F(x) is
called improper.

An improper rational fl;action can be expressed as the sum of a polynomial and a proper
j X

(x— l+2\/§)

) =X— 3
x+1 x +1
Every proper rational fraction can be expressed (at least, theoretically) as a sum of simpler
fractions ( partial fractions) whose denominators are of the form (ax + b)" and (ax’ + bx + c)",
n being a positive integer. Four cases, depending upon the nature of the factors of the
denominator, arise.

rational fraction. Thus,

CASE I: DISTINCT LINEAR FACTORS. To each linear factor ax + b occurring once in the
denominator of a proper rational fraction, there corresponds a single partial fraction of the

form p— where A is a constant to be determined. (See Problems 1 and 2.)

CASE II: REPEATED LINEAR FACTORS. To each linear factor ax + & occurring n times in the
denominator of a proper rational fraction, there corresponds a sum of n partial fractions of the
form

AI + Az +...+_i_
ax+b  (ax+ b)Y (ax + b)"

where the A’s are constants to be determined. (See Problems 3 and 4.)

CASE HII: DISTINCT QUADRATIC FACTORS. To each irreducible quadratic factor ax* + bx + ¢
occurring once in the denominatgr of a proper rational fraction, there corresponds a single
X
partial fraction of the form —;

—=  — where A and B are constants 1o be determined. (See
ax bkt
Problems 5 and 6.)
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CASE IV: REPEATED QUADRATIC FACTORS. To each irreducible quadratic factor ax* + bx + ¢
occurring n times in the denominator of a proper rational fraction, there corresponds a sum of n

partial fractions of the form
Ax+ B, A,x+ B, Ax+ B,
3 ) st -
ax’+bx+c  (ax"+bx+tc) (ax” + bx + ¢)
where the A’s and B’s are constants to be determined. (See Problems 7 and 8.)

Solved Problems

1. Findj 2d.r .
Xt —4

Sy .

7

. g . | B .
We factor the denominator into (x —2)(x +2) and write e e Rl + e Clearing of

fractions yields
1= A(x +2)+ B{x - 2) (n
or 1=(A+ B)x+(2A-2B) )

We can determine the constants by either of two methods.

General method: Equate coefficients of like powers of x in (2) and solve simultaneously for the
constants. Thus, A+ B=0and 24-2B=1; A=jand B=~ 1,

Short method: Substitute in (1) the values x=2 and x = -2 to obtain 1=4A and 1= —48; then
A=}and B=—1}, as before. (Note that the values of x used are those for which the denominators of
the partial fractions become 0.) )

4

3 1
By either method, we have Pyl St L

1
4

Then

de 1 de  1[ dx _1 1 _111—2
ppraat o B ;—4_—2—B:In|:c—-2|—1lnlx+2|+C—‘:‘lnx_l_2 o ¢

2. Find[ (¥ 1) ax

3 .
x4+ x°—6x

o N I x+1 _4 B C
Factoring yields x° + x* — 6x = x(x — 2)(x + 3). Thenxw:‘-%x’—ﬁx_x+x—2+x+33nd
x+1=A(x—2)(x+3)+ Bx(x +3) + Cx(x - 2) (1)
x+1=(A+B+C)x* +(A+3B-2C)x—6A (2)

General method: We solve simultaneously the system of equations
A+B+C=0 A+3B-2C=1 -6A=1

to obtain A=—4, B=%,and C=— 4.
Short method: We substitute in (1) the values x =0, x =2, and x = —3 to obtain 1=—-64 or

=~1/6,3=10B or B=3/10, and —2=15C or C=-2/15.
By either method,

(x +1) d =_1f§+1f dx __2_f d
©+x—6x 6) x 10 x-2 15) x+3
lx_zlsfw

1 3 2
_—Elnlx|+1—dln|x—-2|—Eln|x+3|+C—]nW

+C
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— > ‘;f‘ -
ST }fi; \ . ¢ AL { ,“'.L'_—‘!!
(3 X+ 5) dx A £ j) { ,m‘{ AL AL oL rlgﬁhk g !
Find | 50—+ / ;l
—xt-x+1 ’
S _ T Ix+5 _ A B
= x?=x+1={x+1)x— 1) Hence, e D S R | + | + Go1) and
Ix+5=A(x 1)+ Blx +1){x - 1)+ Clx + 1)
Forx=-1,2=4Aand A=} Forx=18= 2C and C=4.To detcrmme the remaining constant, we
use any other value of x, say x =0; for x = 0,5=A- B+ Cand B=-1. Thus,
3x+5 1 1 dx
7.2 dx = 3 -5 z
r-x-x+1 2t x+t 2.1 x= (x-1)
1 1 1 |x+1 5
=z Wnled1l=5n| g
A-x-x-1
Find J G dx.
X —Xx
The integrand is an improper fraction. By division,
flogdex=1 el X+l
< =x x*-x x-1)
. x+1 A B ;
We write 2G-1) e + - + P and obtain

x+1=Ax(x-1)+B(x - 1)+ Cx’
Forx=0,1=—Band B = —1. Forx=1,2=C. Forx=2,3=2A+B+4CandA=~2_Thus,

Ji—:—é—:—'—dxqjxdx+lj—+1——ﬂ2‘[
X=X x—1

Ll I STRPTPAE JE T [
=3x +21n |x| = 2lnfx -1+ C=5x x+2|n e

il+e

3 2
O xttx+2
F'ndj dx.
' a2 o

X+x*+x+2 Ax+B Cx+Dand0bta.
= in
30 +2 +1 x> +2

Gttt x+2=(Ar+ B)xP+2) +(Cx+ D)X’ + 1)
S(A+ O +(B+ D)’ +(2A+ CO)x + (2B + D)

37+ 2= (0 4 1) +2). We write

Hence A+ C=1,B+D=12A+C=1,and 2B+ D =2. Solving simultaneously yields A=0, B=
C=1. D =0. Thus, ‘

e+t x+2 dx x dx 1
[ T T dx:[x—zrl'+j =arctanx+—2-1n(x2+2)+C

X +2
x* dx
Solve the equation J 5 = J k dt, which occurs in physical chemistry.
a —X
; : A B C + D
We write - T = + B . Then
at—x a-x a+x a+x

X2 = Aa+ x)(a* +x H+ B(a - x)(a’ +x*)+(Cx+ D)(a— x)(a+x)

For x = a, a* =4Aa” and A =1/4a. Forx=—a a’ “4Ba andB 1/4a. Forx-() 0= Aa" + Ba* +
Da® = a%2 + Da®* and D = — 3. For x = 2a, 4a* = 15Aa’ — 5Ba’ — 6Ca’ —3Da® and C =0. Thus,
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szdx 1 [ dx 1 [ de 1 dx
7 < 4dala-x 4ala+tx 21 d+X

1 1 1 X
o J— — +__ + — i t - +
y In|a— x| rm Inla+ x| 5, arctan - C

atx

1
so that jkdt=kr=4l—ln }——-——arctanj—c+(_‘
2a a

4a a—x

FindJ’xs—x4+4x:-4J:2+8x—4
(x°+2)
xi—x4+4x3—4x2+81—4=Ax+B Cx+ D Ex+ F

(x* +2) X+2  (F+2P (Y
x’-x4+4x“-—4x2+81—4=(Ax+B)(xz+2)2+(Cx+D)(x2+2)+Ex+F
= Ax*+ Bx* +(4A+ CO)x* + (4B + D)x* + (4A+2C + E)x
+(4B+2D+F)

7. dx.

Then

We write

from which A=1, B=—1, C=0, D=0, E =4, F=0. Thus the given integral is equal to

x-1 ]_rf!x__l P [ N T
fx2+2dx+4 (x2+2),—21n(x +2) z.m:tan\/i (x2+2)2+C

2x* 43

— dX.

(x2+1)2

2x”+3=Ax+B Cx+D
(Z+1)Y £+l (1)
2P +3=(Ax+ B))+ 1)+ Cx+ D=Ax"+ B’ + (A+ C)x + (B + D)
fromwhichA—-«O,B:2,A+C=0,B+D=3.ThusA=0,B=2,C=0,D=1and

20 +3 ,  2dx +[ dx
(x*+1) 41 (+1)

For the second integral on the right, let x =tan z. Then

2 d 1
= fsee___z z=J'cv:1n32;sa’z=—-2+15if122+C

8. Find

We write Then

(,\c2+1)2= sec’ z 2 4
and f2x2+3 dx 24ctanx+1acta + 2% +C Sd tan x + L + C
TS .2 =Ll =~ ar n g = L arc X
C+1) g 2 T 2 1

Supplementary Problems

In Problems 9 to 27, evaluate the integral at the left.

dx 1 x—3l J' dx _ x+ll
> -"2"9-—6]n x+3 <& 10. x2+7x+6_51n x+6 b
xdx 1 Y sz+3x—4 B _ xa
11. J-xz_3xm4—5|n’(x+1)(1 4+ C 12. x—~———2_2r3dxﬂx+ln|(x+2)(x '+ C
2 142 372
£ =g~ 1 ]x (x +2) t J xdx 2
. “"‘_""—_'d = —_—_— 4 . T — —_—
13 Ix"+x’—2x x=1In i C 14 =2 In |x 2] x—2+C
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15.

16.

17.

18.

191

21.

27

INTEGRATION BY PARTIAL FRACTIONS

1
st
1-x  2(1-x)

4
. [ 5
f C S dx=-5 -3 -l(l-0) -

i ~1n‘—u—x———l+c
TR Vxi+1

O xTrx+3 .
AT T2 de=InVx'+3+arctanx + C

X

Vx*—2x+3

de= = x*+In ‘+C

= 2x" + 3x 2

2x” dx " 1
e = + 1)+ 5——+C
(*+ 1y ln (x ) 2+ 1
2t +xt+ 4

; 1 1 4
o+ a) dx=ln(x“+4)+§arctan—x+}-2——+C

2 +4

J
J
Jx‘—zx‘+3x3—x+3 1
J
J
J

S ey 1 1 l( X
—_— = ] = = i i | et
Ty der=InVx* +1 2arctanx 3 JrQ“H)ﬁ-(?
3

x______3_x3+x - —— 4+ — arcta —-——2xn1+C
el & va eeTER

(x + 1)

J'.r‘+8x"—x;+2x+l
(< + 0"+ 1)

*rxt-5r+15 - 5 + 1
. . ! dx=anx‘+2x+.+r{/~§arctan£————\/§arctan-5—.5-+c

(x* + 5}x* +2x +3) V2
J'x°+7.r"'+15x"+32x"+23x2+25x“3dx_ 1 . X4+l
(FHx+2)xC+ 1) CHx+2 X1 x4
dx 1 l e"—3‘ . "
= =3atg + ¢ = W
Ie"—.’ie' I gln 5 C (Hint: Let "= u.)
. -\,I‘ + 2
J smxdxz =1 ‘—-—14-—(:—()—5~—£~+C (Hint: Let cos x = u.)
cos x (1 +cos” x) cos x
(2 + tan” §) sec’ 8 d0 2 2tan 6 — 1
=In|1 + tan 8] + —= arctan ——=—— + C
1+tan’ @ n| n| v3 e V3

[CHAP. 34
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Miscellaneous Substitutions

’
|
IF AN INTEGRAND IS RATIONAL except for a radical of the form

\ " 1. ¥ax T b, then the substitution ax + b = z" will replace it with a rational integrand.
1 2. V g+ px+x’, then the substitution g + px + x? = (z — x)? will replace it with a rational

F integrand.

L__3 \/q + px — x> =V(a + x)(B —x), then the substitution g + px — 2= (a +x)’z" or

q+px— x*=(B- x)zz2 will replace it with a rational integrand.

(See Problems 1 to 5.)

THE SUBSTITUTION x =2 arctan z will replace any rational function of sinx and cos x with a
rational function of z, since
2z 1-2° 2d
2 cos X = 3 and dx = zz
1+z iz 142z
(The first and second of these relations are obtained from Fig. 35-1, and the third by
differentiating x =2 arctan z.) After integrating, use z =tan lx to return to the original
variable. (See Problems 6 to 10.)

sin x =

A 2z

Fig. 35-1

EFFECTIVE SUBSTITUTIONS are often suggested by the form of the integrand. (See Problems 11

and 12.)
Solved Problems
1. Findf ay
xV1—x
Let1—x=2% Thenx=1-2% dx=—2zdz, and
j dx _j -2zdz __ dz - \1+z e 1-Vi-x e
wWi-x J(1-2)z AL PR il R ey
dx
2 e [
Find GoVET2

%0
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Let x + 2=z Then x = z* — 2, dx = 2z dz, and

J dx :J 2zdz - dz_ 1
(x =2)Vx +2 2(2* — 4) -4 2

. d
3, Fmdj &
X

Let x = z*. Then dx =4z* dz and

Z
In

V42
+C—--l 3

z+2‘

dx 42" dz z? 1
[ R [

—4(lZ 4 z4+ln|z— 1)+ C=2VE+VT+ VI~ 1)+ C

4 FindJ—-——é——-——
) Vet +r+2

Let x* + x +2=(z — x)>. Then

2 =-2 ¥ +z+2)dz 5 Pz +2
*=Tvn T T ey ¥o $x+i= 39,
AP+ z2+2)
dx (1+2z) dz 1 -VZ
« -[ 5 eaf o= i
o Vit x+2 z“—222+z+2d v" z+\/§
142z 1422
=_“._1_“['_‘ Vil+x+2+x—-V2 4 C
V2 IVl e x+24x+V2
x dx
5. FindJ :
(5-4x-x*)"
Let §—4x — x2 = (5 + x)(1 - x) = (1 — x)’2”. Then
' -5 12z dz —
= — = — -4 - = — =
T lee “* (]+22)2 Bl b 1+ 2’
22-5 12z ,
x dx J1+z (1+z°) J(
P — = d 1-—=
and J‘ (5-ax-x)" 216z’ T 18
(1+2%)
1( 5) 5~-2x
=—|z+4=)+C= = 4@
18 < OVS5—d4x —x

In Problems 6 to 10, evaluate the integral at the left.

2dz
6 dx _J' 1+ z =J' dz
‘ 1 +sin x — cos x 2z 1-2° z(1+ 2)
1+ 2T T .2
1+=z 1+ 2
. i tan ix o
3 i 1+ tan 3x

=Inlz]-Inft+z|[+C

\fﬁ_+2

+C

[CHAP. 35

viti-dlic
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2dz
dx 1+2° 2dz  2V5
7. -f _ _
3—2cosx 1= 22 14522 5 arctan zV5+ C
3-2 <
142
V3
=—~S—-arctan(‘\f§tan In+C
1+ 22 2dz dz 1+z‘ l].‘.tan%x
8. J g e | 2L, 2EE. . _ &
sec x 1- 22 1+ 22 2 -2 lnl C= __1__. e +C
=|n tan(%xa-%ﬂ)]_i.c
2 dz
dx_J'l+zz_sz_ ;
s Iz+cosx_ 2+1_zz-2 3 -v-arctan\/g+c
1+ 2°
3 arcian 3 a 2;{
2dz
| v [ 24 2 &
. 5+4sinx 544 2z SY8z+52 5J (z+iy+ 3
1+2°
+3 2 Stan Lx +4
-Zjarctan i +C=- arctan _ﬂ;i__ +C
$

11.  Use the substitution 1 — x* = z* to find jxs\/ 1—x° dx.
The substitution yiclds x” =1 — 2% 3x* dx = -2z dz, and
Jx’Vl—x’dx=jx’Vl—x3 fx® dx)=J(1 —zz(—%zd2) = —% f(l - 22)z% dz

_ 2(23 Zs) __2 . 3y3i2 3
- [y =0 )2 +3%)+ C

j\/}_T

12. Usex=- to find

The substitution yields dx = —dz/z%, Vx —x*=Vz - 1/z, and
vz =1 ( dz)

2

f\/x——de f —JZVETldz

Let z —1=s> Then
~—J'\/'"'_d~fz+ st-"Z(ss “3)
2Vz—1dz=—| (s°+1)(s)(2sds) =~ §+— +C

_ (Z-*l)s”' (2‘1)312] _ [(1_1:)5!2 (l_x)j"l]
2[ g g [k G =Y S S E

. dx
13. Find J‘ W 5
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Let u=x'" so that x = u®, dx =6u’ du, x'* = &, and x'"* = u”. Then we obtain

6u’ d
u +u

=22 3xu3 ¥ _In ‘x|/6+1|+c

1 1
du=6[ u -—u+1—-—-———)du (; u’—§u2+u—ln|u+ll)+C

Supplementary Problems

In Problems 14 to 39, evaluate the integral at the left.

i &
14. P X is. jﬁ(1+ﬁ)-2ln(1+v})+c
dx
16. fé—:"\/—x———T'HZVI+2'—61n(3+Vx+2)+C
1—V§x+2 - 5{ _ }
17. 1+\/3T_ x+3 Vix+2-In(1+V3x+2)1+C

dx
18, J'—u-————=| Wrl-x+1+2x-1|+C
X -x+1 B <=1

dx
19. J’—--—-—-———"=Zarctan Vil+x-1+x)+C
wWxrt+x-1 ( )

=i

20 I & = arcsin 2
’ ;6+x—x2 5

+C

s 2 4 _ 24372
21. Ju_———“‘“f g 8 B s
x 6x
22, J ; i =2+ 1) —4x+ 1) +4ln(1+x+ 1))+ C
(x+l) .‘2+(X+l)l.'4
2 2tan jx + 1
23. J W ﬁ arctan 3 +C
'\/3 tan;x—-z \/_
A [1-25inx 3 "anix—2+V3 il
1 [3tanix+1 [ B ‘
6 f3+5$inx“f_lln tan }x +3 e 2. sin x — cos x — l—lnltanix—1|+C
dx 1 Stan §x +3 Ismxdx V2 tan® jx +3- 2\/_
i 5+3$inx“§mCtan 4 th 2. 1+ sin Tt+sinix 4 i tan’ ,x+3+2\f—
29 -————4}————=In|1+tan‘x|+C 30. f ——-—2-arctan(\/§tan‘x)+C
: 1+sinx+cosx 4 2—-cosx V3 .

31. jsin\/'fdx=—2\/2cosvf+25in\/'f+c

1-x
32. J —aresin —— + C  (Hint: Let x=1/z.
xV3x +2x— " (Hin * z)
33, (;e_:_Z_)__e; dr=¢*-3In(e’+1)+ C (Hint: Lete* +1=2.)

e +1
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3. s_"‘;n XCRX dx=cosx +1In (1 ~cosx)+ C (Hint: Let cosx =2z.)
—Ccos X
dx V4 —x* :
A = - + : = "
= fx21/4—x2 4x € i betoe= i)
dx 1 1 2

3. j\/_1+\/"-x de=34(1+vED)' -1+ vy +C

+C

J' dx _ 2Vi+zx
1-x)-(S+4ax)V1-1* 3IVI+x-Vi-x

9N _ l x'”l(]+ l 510 ..1, x3|’10+x|'\0

1710
X X —arctan x )
S 3

xl (1 wise 1 _wise g L
39- J’x|,5+1dx"101—3'x ""l_l'x +§

+ C (Hint: Let u=x'""%)




Chapter 36

Integration of Hyperbolic Functions

INTEGRATION FORMULAS. The following formulas are direct consequences of the differentia-

tion formulas of Chapter 20.

28. fsinhxdx =coshx+ C

29. Jcoshx dx =sinhx + C

30. J tanh x dx =Incoshx + C 3L Jcoth xdx=In|sinh x|+ C
32. J‘sech2 xdx=tanhx + C 33. J'(:sch2 xdx=-—cothx+ C
34. J’scchxtanhxdx=—sechx+ C 35. J'cschxcothxdx= —cschx+ C

dx
36. Im;"—; =Siﬂh'
Vx‘+a

dx _
38. j ; 2=%tanh‘§+€, ¥ <ad

X
39. 2=—Ecoth’E+C, x*>a

Solved Problems

In Problems 1 to 13, evaluate the integral at the left.

Jsinh i.rdx=2fsinh§xd(§x)=2coshix+c

Jcosh 2xdx =3} | cosh2xd(2x)=}sinh2x + C
fsechz(?.x—l)dx=§J.sech2 (2x—l)d(2x—1)=itanh(2x—1)+C
fcacthcoth3xdx=iJ‘csch3xcoth3xd(3x)=-§csch3x+C
Iuchxﬂ=[zaglf‘?dt= %=I%ﬂ=ar¢tan(ﬂnhx)+€

Jsinh’xdx= i J’(costh—l)dx= tsinh2x— x+ C

ItanhIZxdx=J‘(1—~sech22x)dx=x~—%tanh2x+C

dx =1 X
. J r__._.xz_az—cosh a+C,

x>a>0
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8.

10.

11.

12.

14.

15.

J cosh® ix dx = I (1 + sinh? 1x) cosh jx dx = 2sinh 1y + }sinh® bx+ C

J’sech‘xdx= I(l — tanh? x) sech” x dx = tanh x — 3 tanh’ x + C

x —_ xex+e_: _1 2x _l Ix 1
Ie coshxdx—fe 5 dx—zf(e +1)dx—4e +2x+C
J inh dx—f e‘“eﬂdx-—l-J’ ‘dx—lj “ dx
xsinhxdr= | x — =5 ) xe 5 | xe
I IPTPTT T Ty e"+e"'_e‘—e”+c
—2(xe e’) 2( xe e ") =X 3 5
= xcoshx —sinhx + C
dx 1 -1 2x dx 1 2= 3x
—— = _+ . A T t _+
I oo 2t:osh 3 C 13 9x7 = 25 T coth 5 C

Findf\/x”udx.
Let x = 2sinh z. Then dx = 2 cosh z dz, Vx? + 4 =2 cosh z, and
Jsz+4dx==4J'coshzzdz——-ZJ'(coshZzi»1)dz=sinh22+22+C

=2sinhzcoshz+2z+C= %x\fx:+4+25inh7' % 258 6

dx
V1=
Let x = sech z. Then dx = —sech z tanh z dz, 1 — x*=tanh z, and

J' dx z_[sechztanhz
A 52 sech z tanh z

Find I

Supplementary Problems

In Problems 16 to 39, evaluate the integral at the left.

16.

18.

20.

22.

24.

Jsinh3xdx=%cosh3x+€ 17. jcosh lxdx=4sinh ;x+ C

Jcolh 3xdx=%Inl|sinh ix|+ C 19. Icschz(l+3x)dx=—5c0th(1+3x)+C

=1
Jsechzxtanthdx=—%sech2x+C 21, jcschxdx:.]mlc__os___hx e
coshx + 1

jcosh2 ixdx=4i(sinhx+x)+C 23. J'coth23xdx=x—icoth31+(:

Isinhjxdx'--‘jcosth—coshx+C 25. Ie‘sinhxdx=%e2‘*}x+c

dz=—fdz=—z+C=ﬁsech'1x+C

245
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3.

33.

3s.

INTEGRATION OF HYPERBOLIC FUNCTIONS [CHAP. 36

fe“cosh.rdx=ée3'+ie"+c 27. [xcoshxdr=xsinhx—coshx+€
Ixzsinhxdx=(x2+2)coshx-—2:¢sinhx+ C

Jsinh’x cosh? xdx = ! cosh® x — § cosh’ x + C

Jsinh x In cosh? x dx = cosh x (Incosh® x ~2) + C

C §+C

Jﬁ—“sinh'l£+ 32 J‘—--—Cix—-—ﬂﬂ:t:)sh_l
Vx2+9 3 ' V=25

R . dx 1,4
—n T — + e — e — —
rovv-he LU LRk a Gr—g gt gETe
Vx3-9dx=£\/x2—-9-—2cosh“£+c
2 2 3
dx | f dx 1 . ( 3
L —_— 7. L IV PUPR =1 1} _)
J’\_/xz—zwnr sinh ™ T v € . rrEw Ty it L ST
x’ x X x'+1 1+x°
e TS R e A ST
j(xz+4)]/2 dx = sinh 2 x2+4+C 39. J g dx =sinh™ " x . 3+




