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Independent coordinates

In order to describe a MBS a set of coordinates must be chosen.

These parameters must describe univocally the position, velocity and
acceleration of the MBS at all times.

Minimum number of parameters is equal to no. d.o.f. — Independent coor.
However, these independent coordinates do not always define univocally
the MBS

They are dependent directly on
time.

6, =6,(1)
0, = 0,(1)
05 = 05(1)

Time constraints



Dependent coordinates

Dependent coordinates: Additional coordinates can be used in
order to determine univocally the movement of the MBS.

/\96

q =[Cli qu dof =3

These ones are related with independent coordinates by means
of kinematic constraints. These constraints are usually non linear
and their number is equal to the number of dependent
coordinates

CIiT = [‘92 05 94]

al =[6x 6] {@1(%%)

=®d(g)=0
@2(%,%)} @

Kinematic constraints



Generalized coordinates

Independent + dependent coordinates = Generalized coordinates
The type of coordinates used for modeling MBS can be:

1. Relative coordinates.
2. Reference point coordinates. W <5

3. Natural coordinates. O /{@\”r

4. Combination.

The same MBS can be described with different types of coordinates,
their definition will determine the efficiency and simplicity of the
problem.

The inputs of a MBS are usually defined as coordinates (‘/%

Exampl: Motor -> angle. S
Actuator -> displacement. / |



Types of dependent coordinates

Relative coordinates

Relative coordinates define the position of each element in relation to the previous element in
the kinematic chain by using the parameters corresponding to the relative degrees of freedom
allowed by the joint linking these elements

1d.o.f.
2 dependent coord. = 2 kinematic constraints o _
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Qg = [l//z ‘/’3] vector closure of the kinematic loop qg = [wz wg]
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Generalized coordinates

Independent + dependent coordinates = Generalized coordinates

1 d.o.f. = 1 Independent coor. = time constraint

Oy () =y —0t=0

W3

2 dependent coor. = kinematic constraints

®,(a) ={

Ll COS8 l_!u*_ +I.3 cos El_pl - l_p:}"'LE cos {l}-"l +l_l[": +l_p3}— oD=10 }

Ll Sin l_pl +L2 SN |:L_|U1 + L_pJ] +L3 Fin [l.lul +l_p] +lP‘3) =0

D 3 equations, 3 unknowns: ¥,, ¥,, W,.

{‘1’1 (t)

‘DZ(CI)} = ®@t) =0
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Kinematics



Assembly problem

Time =0

The position of MBS is determined by solving a non-linear system of
equations, namely, constraints, which can be expressed in a compact way

. @(q(t)t)=0

Where ¢ stands for time and q is the vector of generalized coordinates as
seen before

q" =[o; 9z -0

Generalized coordinates are the unknowns of this problem. So, position of
MBS is given by vector g when constraints equations are solved. However,
solution of constraints can be tricky.



Assembly problem

Time =0

1 d.o.f. = 1 Independent coor. = time constraint

Oy () =y —0t=0

W3

2 dependent coor. = kinematic constraints

®,(a) ={

Ll COS8 l_!u*_ +I.3 cos El_pl - l_p:}"'LE cos {l}-"l +l_l[": +l_p3}— oD=10 }

Ll Sin l_pl +L2 SN |:L_|U1 + L_pJ] +L3 Fin [l.lul +l_p] +lP‘3) =0

D 3 equations, 3 unknowns: ¥,, ¥,, W,.

{‘1’1 (t)

‘DZ(CI)} = ®@t) =0



Assembly problem

Newton-Raphson method
is a method for finding |Time=0

successively better
approximations to the roots (or
zeroes) of a real-

valued function

o
o

Desired assembly is dependent on initial guess

Original

Linearized

!

— 4 G (o} a4

q

The shape f the function defines the
complexity of the solution process

Original Linearized

4

Va


https://en.wikipedia.org/wiki/Root_of_a_function
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Function_(mathematics)

Next position problem

Time =11, to, ..., tn

For the next position computation, the previous position can be used in
order to use a valid initial guess.

As long as the increment of position between to consecutive instants is
small enough, the previous position will be the best initial guess




Generalized velocities

Position problem (I)(q(t)’ t) =0 Solution is q

In order to obtain the equations for generalized velocities, the position
equations must be differentiated following the chain rule

D=0 (+P, =0

Where,
-l C0g,
oq,  0q, aq, E Solution is
o) o8, 04, o4, . :
®,=\oq, oq, =~ og,| P=|a q=-0, P,
o9, 06q9,  oq, | Lot ]

Jacobian matrix



Generalized accelerations

Position (I)(Q(t), t) =0
Velocity (15 diff.) P = ®.q+P, =0
Acceleration (2 diff.) d((i)) d((I) q+®,)=0
cceleration (2 diff.) — = — =
dt dt = ¢ t

. G, .
((I)qq_l_q)t)qq_l_a(q)qq_i_q)t) :O

((I)qC])qq +<1>tqq +®, q+P q+P, =0

(I)qq — _((I)qq)qq o 2(I)qtq o (I)tt =



Example: Position

Generalized coordinates

q' = [Xz Yo & & ¢3]

Independent coordinate is
dependent of time

¢ = ot

Constraint equations (time and kinematics) are:

X, — L, cos ¢ — Lscos(a + ¢,)
y, —L;seng, —Lssen(a + ¢,)
®(q)=+—L,cos¢, —L,cos¢, +L;CcoS¢; +L,
Liseng, +L,seng, —L;seng;

¢ — ot Time constraint

Position x2 and y2

I
o

Closure equation

8




Example: Velocity

Jacobian matrix

1 0 Ljseng Lssen(a + ¢,) 0
0 1 —-L,cos¢ —Lscos(a+g¢,) 0
®,=(0 0 Lsseng L,seng, —Lzsengs;
O O Ljcos¢ L, cos ¢, — Lz cos ¢,
0 0 1 0 0 |

Constraints derived with respect to time
"0

®, =| 0

Solving velocities equation (] = —(Dal(Dt

Leads to generalized velocities C'IT=[5CZ, yz,§b1,§bzl ¢3]



(I)q q:

7/:

(q)qq)q q =

1 0 Lseng, Lssen(a+d,) 0 (% X, + glisendg, + dLsen(a + ¢,)

0 1 -L,cos¢g, —Lscos(a+d¢,) 0 Y, Yo, — ¢l cosg — @l cos(a + ¢,)

0 0 Ljseng L,seng, —Lgseng; | @ ¢ =1 dliseng + g l,seng, —dsLsseng,

0 0 L,cosg¢ L, cos ¢, —Lzcosd; || b, @ L, oS @ + @,L, COS P, — L5 COS ¢y
_\g 0 1 0 113 &
_((qu qq_@ - (I)tt:O

— ®y =0

0 0 glcosg glcos(a+g,) 0 |[%] $7L,cOSd, + 47 Lscos(a + )
00 ¢51 L;seng, ¢52 Lysen(c +¢,) 0 Yz ¢12 L,seng, + ¢22 Lysen(c + ¢,)

0 0 ¢1 L1COS¢1 éz L2COS¢2 o ¢3 I—3COS¢3 ) él (= ¢12 L1008 ¢1 + ¢22 LZCOS ¢2 o ¢32 LSCOS¢3
0 0 —glseng, —glsend,  glseng ||d| |-dLsend; - gL,seng, +glLoseng,
00 0 0 0 & 0

Example: accelerations

~

10
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Planar Dynamics



Types of Dynamic problems

= Direct dynamic problem: Consists on determining the system’s motion
during a period of time by known external forces and/or kinematically driven
d.o.f.

T, F

q,.9.q

= |nverse dynamic problem: Consist on determining the external forces that
produce a specific movement.

T, F

q.49.q




Dynamic Formalisms

r
Newton’s equations z F = ma
3 6 x No. of bodies
dw
zMG —lGd__I"‘)XIwa
\

Lagrange’s equations (from Principle of Virtual Displacements) for both
dependent and independent coordinates

—+®.2=Q

d(ﬁr]ﬁr
q

dtl &
1
Where T is the kinetic energy T = qu}{q

A are the Lagrange’s multipliers. They represent the effort needed in
order to fulfill the kinematic constraints

Q are the generalized forces



Dynamic formalisms

This leads to Mg + @2 =Q

This system has nequations and n+m unknowns (n DOFs and m is the
dimension of X). For this reason, m more equations are needed (i.e the
constraint equation)

Mg+ ®.3=Q
®=0

DAE system

Differential Algebraic Equation involves an unknown function and its
derivatives:



Solving the equations of motion (1): Stabilization

Mg+ ®,h=Q
D=0

Simpler solution than an DAE. However, this method is non stable because
it is Imposed on the second derivative

Baumgarte stabilization which leads to an equivalent system

. t
Mq+®,2=Q E=1 : =10
D+ 250D + o D=0 Values for
N mechanical
systems

Other methods: Penalty method, Augmented Method



OGGETTO IN STUDIO:

[ ’oggetto in studio ¢ uno degli equipaggi della
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Overview

Presentazione dei software impiegati

Introduzione al MB

Sintesi Cinematica e cinematica diretta
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Flessibilita nel MB

Analisi dinamica a corpi flessibili
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Steps di una analisi MB

Disegnare i membri al CAD (sono solo oggetti solidi)
Creare i Body(corpi rigidi) e deciso il membro-telaio
Applicare i Joints

Applicare un moto imposto- driver(se necessario)
Condizioni iniziali

Tipo di soluzione (cinematica, dinamica, ecc), la direzione
della gravita, l'intervallo di integrazione

Computo della soluzione

Grafici, animazioni




Joints

1.2.2 Coppia Rotoidale

SBP

Figura 1.4: Coppia sferica

Tabella 1.1: Gradi di liberta delle coppie cinematiche

Coppia cinematica | f | Moti relativi inibiti

Figura 1.3: Coppia cilindrica

Per ogni

Rotoidale 1 3 trasl. 4+ 2 rot. = =
Prismatica 1 2 tasl. + 3 rot. CO p p I a e X Ai YAi
Cilindrica 2 2 trasl. + 2 rot, poss I bl |e U =1Xg Y
Sferica 3 3 traslazioni . XCj YCj
Sfera nel cilindro 4 2 traslazioni SC rl Ve re
Giunto cardanico | 2 3 trasl. + 1 rot. una eq = d |
vicolo



Joints
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Forze

Forze e coppie scalari
Forze viscose ed elastiche (RSDA)
Forze di attrito
Modello di Tire
Modello di sospensioni

Forze di contatto

Rotational Spring-Damper-Actuator




Overview

Sintesi Cinematica e cinematica diretta




SINTESI CINEMATICA

l

VALIDATI
TRAMITE ANALISI
CINEMATICA
DIRETTA

INPUT

OUTPUT ‘




SINTESI CINEMATICA

DISTRIBUZIONE MECCANISMO MECCANISMO
DI APERTURA DI CHIUSURA




Modello - Sintesi cinematica

Coppia rotoidale

Vincolo di Coppia rotoidale

contatto

— _ continuato
Coppia prismatica
Coppia prismatica

prefissata



SINTESI CINEMATICA — risultati ottenuti

CAMMA DI
APERTURA

90

—— Ducati

Virtual.Lab

180

0 180

CAMMA DI
CHIUSURA

90

Ducati
Virtual. L

270

270



ANALISI APPROFONDITA DEI DUE PROFILI

——  ~_ -
CAMMA DI &0° e~

APERTURA -

Derivata =

seconda /

del profilo I

della \ [deg)
camma
d_Zr 0.05 = T T T
dg? « i
CAM MA DI 005‘@—j\/

CHIUSURA

[deg] :




Cinematica diretta

i,

Camme

appena ——

ottenute
in VL

eNo giochi

eContatto
permanente




Cinematica diretta-Apertura

accelerazione
— 360 punti — 720 punti
— 500 punti
. — 1440 punti
— 600 punti
Ducati Ducati
~ accelerazione analitica -accelerazione analitica

r [ [ r r [ r [ r [ [ r [ [
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

Angolo [deg] Angolo [deg]

#punti: numero di punti del profilo camma




Cinematica diretta-Chiusura

Le?get da . Derivata
3 .
Ducati . | |~ prima
- ' analitica
per mecc ‘ ol
chiusura :
Derivata

seconda —
analitica




DISTANZA TRA | BILANCIERI

DISTANZA TRE [ DUE BILANCIERI {un giro cormpleto dell’albera)

T 1 3.9421:01:& 3.9421:01:&




Overview

Analisi dinamica a corpi rigidi




‘DINAMICA II > \
LB

Funzioni di
vincolo \
MW gl |0,
v, 0 Al |7
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DINAMICA — VINCOLI

Coppia rotoidale

e (Contatto camme -bilancieri

2 S » Contatto bilancieri - registro
Coppia rotoidale —~ LAY ‘  Contatto valvola — sede

« Giochi

Coppia rotoidale
Coppia prismatica

Moto imposto




e (Contatto camme -bilancieri

* Contatto bilancieri — registro > =
ol x

Mome | Cam Contact.1 |

(contatto punto-superficie)

Cam Body —l—FnIInwer Body T
’;T_,IProductl _Rootil. 1\ Cam_Gen_alz "J_,IProductl_Root\Foll_ap.l\Sistema di‘

Elements i

* Contatto valvola — sede e |
Quad Stiffness IDMPa— Pen Damping IDkg_s—

(contatto punto-superficie) = o el

File: Mame |C:IDocuments and SettingsifedericolDocumentiiVirkualab3\Dinal @

File: Length Units IMILLIMETER =l
Follower Type @ pounn O FLAT
—Functions
Constank ‘ariable
Lingar Stiffness |DN_mm Mo Selection
Friction Coeff Jo Mo Selection

Ok I Annulla I




RISULTATI OTTENUTI — ACCELERAZIONE VALVOLA

5000 RPM

S mis2] | | | | j —

Sperimentale 5000
— Virtual.Lab 5000 rpm

CORPI RIGIDI

0 50 100 150 200 250 300 350 [deg]
9000 RPM
Sperimentale 9000 rpm
Virtual.Lab 9000 rpm —
!
[m | :‘1 \ 1
<I“.

0 50 100 150 200 250 300 350

[deg]



Overview

Flessibilita nel MB

Analisi dinamica a corpi flessibili
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Modi di Graig-Bampton

Modi Statici:

(spostamento unitario
nei nodi di interfaccia)

Sol 101 (Guyan \

reduction)
ortogonaliz | ___ [B]
/ zazione
Modi Normali: B— Lo Opr
(nodi di Wi, (Din
interfaccia
vincolati)




Procedura:
eMesh

eMatrice B dei singoli
componenti

eUso di Dummy bodies per
scambiare le forze




MESH — INTERFACCE — MODELLO MODALE
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RISULTATI OTTENUTI - ACCELERAZIONE

CORPI RIGIDI -5000 RPM
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— Virtual.Lab
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CORPI RIGIDI - 9000 RPM

Sperimentale 9000 rpm

Virtual.Lab 9000 rpm
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‘ ANALISI RESISTENZIALE

In che iIstante s
verificano ?

g’(\«



[m/s2] —— Sperimentale 5000

— Virtual.Lab -Flessibilita

I
0 50 100 150 20D 250 300 350 [deg]

9000 RPM

Sperimentale 9000 rpm

Virtual.Lab Flessibilita

1 1
0 50 100 150 200 250 300 350 ldeg]

Bilanciere Apertura

135°

Valvola

160°




